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Abstract 

In this paper, I will derive a measure of entanglement that coincides 
with the generalized concurrence for a general pure bi-and three-partite 
state based on wedge product. I will show that a further generalization 
of this idea to a general pure multipartite state with more than three 
subsystems will fail to quantify entanglement, but it defines the set of 
separable state for such composite state. 

1 Introduction 

Quantum entanglement is one of the most interesting properties of quantum 
mechanics. It has become an essential resource for the quantum information (in- 
cluding quantum communication and quantum computing) developed in recent 
years, with some potential applications such as quantum cryptography 0|2]and 
quantum teleportation Quantification of a multipartite state entanglement 

01 03 is quite difficult and is directly linked to linear algebra, geometry, and 
functional analysis. The definition of separability and entanglement of a mul- 
tipartite state was introduced in[o], following the definition for bipartite states, 
given by Werner |7j . One of widely used measure of entanglement of a pair of 
qubits, is entanglement of formation and the concurrence, that gives an ana- 
lytic formula for the entanglement of formation [HI El IHi| ■ In resent years, there 
have been some proposals to generalize this measure to general bipartite state 
[TTllIHinilH and to multipartite state [ElUniET]. In this paper, I will derive 
a measure of entanglement that coincides with the generalized concurrence for 
a general pure bi-and three-partite state based on an algebraic and geometric 
point of view, using wedge product, a useful tool from multi linear algebra, 
which is mostly used in differential geometry and topology in relation with dif- 
ferential forms. For a multipartite state with more than three subsystems, this 
idea will not completely quantify the entanglement of such a quantum state, 
but it does define set of separable state for any general pure multipartite state. 
To make this note self-contained, I will give a short introduction to multi-linear 
algebra. 

2 Quantum entanglement 

In this section we will define separable state and entangled state as well as 
give some example of entangled state. Let us denote a general pure composite 



quantum system Q = Qf n (N l7 N 2 , . . . , N m ) — QiQ 2 ■ ■ ■ Q m with m subsystems, 
consisting of a state 

il = l 22 — 1 im — 1 

defined on a Hilbert space 

Hq = H Ql <8> Hq 2 <8> • • • <g> H Qm (2) 
= C Nl ® C N2 ® ■ ■ ■ ® C N ™ , 

where the dimension of jth Hilbert space is given by Nj = dim(Wn. ). We are 
going to use this notation through this paper, i.e., we denote a pure pair of 
qubits by Q^(2 : 2). Next, let pq denote a density operator acting on the TCq. 
Then pq is said to be separable, which we will denote by Pq P , with respect to 
the Hilbert space decomposition, if it can be written as 

N m N 

pe p = £p*®^' E^ = 1 ( 3 ) 

k=i j=i k=i 

for some positive integer N, where pk are positive real numbers and p 1 - denote a 
density operator on Hilbert space Ti.Q j . If p P Q represents a pure state, then the 
quantum system is separable if Pq can be written as p S Q P = ®j=i PQ, > where 
PQ j is a density operator on Ti,Q r If a state is not separable, then it is called 
an entangled state. Some of the most important entangled states are called the 
Bell states or EPR states. 



■ ■■,i m ) (1) 



3 Multi linear algebra 

In this section we will establish a relation between Wedge product and concur- 
rence of a general multipartite state. Let us consider the complex vector spaces 
Vi, V2, • • • , V m be vector spaces, where dim(Vj) = Nj, Vj = 1, 2, . . . , to. Then 
we define a tensor of type (to, n) on Vi, V2, • • • , V r „ as follows 

T™(V 1 ,V 2 ,...,V m ) = r(Vi,V 2 ,...,V m ;VI,V5,...,V;) (4) 

= Vi®v 2 ®---®v m (g)Vt ®V2® •••®v;, 

where V* = £(Vj; C) \/j = 1, 2, . . . , m is the space of linear applications Vj — ► 
C and is called dual of Vj . For any basis of Vj and e J the dual basis of e, 
defined by (e-i) — 5\, we have the following linear representation 

T = T]l ;j 2 2 ;;;;;j™ e i± ® e h <S> • • • O e lm e 31 <8> e i2 <8> • • • (8 e J " . (5) 

I.e., we have 7?(Vi, V 2 , . . . , V m ) = Vi and 7?(Vi, V 2 , . . . , V m ) = VJ. Let 5 m 
be group of permutations (1, 2, . . . , to). Then we call the tensor «i <g> w 2 ® • • • ® 
w m e 7o"(Vi, V 2 , . . . , V m ) symmetric if 



vi ® v 2 <8> ■ ■ ■ ® w m = ® w T ( 2 ) ® • • • ® 



(6) 



for all 7r G S m . The space of symmetric tensor is denoted by 6>™ (Vi , V2 , • • • , V m ) . 
Moreover, we call the tensor v\ ® v 2 ® ■ ■ ■ ® v m € 7^, m (Vi, V2, ■ ■ ■ , V m ) skew- 
symmetric if 

Vi <8> v 2 <S> ■ ■ ■ ® v m = e(7r)u 7r(1) ® v n (2) ® • • • ® iV(m), (7) 

for all 7r G <SVn, where e(-7r) is the signature of permutation tt. The space of 
symmetric tensor is denoted by A™(Vi, V 2 , . . . , V m ). Furthermore, we have the 
following mapping 

A\t m :T™(V l7 V 2 ,...,V m ) — > A™(V 1 ,V 2 ,...,V m ) 

Wl ® «2 <8> ■ • • ® Dm 1 — ► «i A v 2 A • • • A v m ' 

where Vi Av 2 A • • • Aw TO = ^ X^e,s m e ( 7r ) u 7 r(i) ( X>" 7 r(2) ® ■ • • ®^(m)- For example 
for m = 2 we have 

Alt 2 :T 2 (V 1 ,V 2 ) -— A2(Vx,V 2 ) (g) 

i»i <8> u 2 1 — ► «i A v 2 = Ui ® v 2 — v 2 ® «i 

4 Measure of entanglement for general bipartite 
state based on wedge product 

From the wedge product, we can define a measure of entanglement for a general 
pure bipartite quantum system Q 2 (Ni,N 2 ) as 

/ Ni _ \ i 
C{Q P 2 {N^N 2 )) = C^C^ (10) 

V lfl<V ) 

, where C^ v = v p A v v , = (0:^,1,0^,2, ■ ■ ■ , a^,N 2 ), v v = {a Vi i,a u<2 , . . . , ovjv 2 ) 
and C denote the complex conjugate of C^ v . That is, for a quantum system 
Q 2 (Ni, N 2 ), if we write the coefficients Q4 lt i 2 , for all 1 < i\ < N\ and 1 < i 2 < 
N 2 in form of a N\ x N 2 matrix as below 



/ «i,i 0-1,2 ••• ott,N 2 \ 
a 2 i a 2 ,2 ••■ o 2 ,jv 2 



(11) 



then the vectors w M and v„ refer to different rows of this matrix. As an example 
let us look at the quantum system Qf (2, 2) representing a pair of qubits. Then 
an expression for a measure of entanglement for such state using the above 
equation l|10|) is given by 

C(e£(2,2)) = (jyci >2 c? i2 ) 4 (12) 

= (2A/'|ai,ia 2i2 - a 2 ,iai i2 | 2 ) 2 
= 2|ai,ia 2 ,2 - 0:2,101,2!, 

where Ci : 2 is given by 

Ci, 2 = Wi A v 2 (13) 
= (01,1, 0:1,2) ® (02,1, o 2>2 ) - (0:2,1, 02,2) ® (ai,i, ai )2 ) 

= (0, Oi,iQ! 2>2 - 0:2,101,2, ai,2«2,l ~ O 2 ,2Ol,l,0) 



for Af — 2. The measure of entanglement for the general bipartite state defined 
in equation IjlOl) coincides with the generalized concurrence defined in |1 II 1121 
1131 H^) and in particular equation (|12f> that gives the concurrence of a pair of 
qubits, first time defined in [31 ITU], 

5 General multipartite state and wedge product 

Unfortunately, I couldn't directly generalize this result, using equation JSJ, to a 
general pure multipartite state. I.e., for a general three-partite quantum system 
Q 2 (Ni, N 2 , N 3 ) with the coefficients ati lt i 2t i 3 , for all 1 < ii < iVi, 1 < i 2 < N 2 
and 1 < 13 < 7V3, we cannot identify the vectors v^, v v and v T . But generally, 
it could be possible for a quantum system with even number subsystems, i.e., 

m = 2,4, To be able to define a expression for degree of entanglement of 

a general pure multipartite state, I will construct a "artificial" wedge product 
between each subsystem in a composite system as in the case of the bipartite 
state. So, let us consider the quantum system Q^ l (A r i, N2, ■ ■ . , N m ) and define 

Ckih,k 2 l2,--;k m l m — a k 1 ,k 2 ,---,k m a h,l 2 ,...,l m - (14) 

Then, a wedge product between each pair of subsystem takes the following form 

Ck 1 h,kzl2,-;k i Alj,...,k m l m = Ctk 1 ,k 2 ,...,k j ,...,k m O!i 1 j 2 ^..j j ,...j m (15) 

— 0tki,k3,—,li,—ik m a h,l2,—,kj,...,l m - 

Now, we can define a measure of entanglement as follows 



S(QUNi,...,N m )) = \.\'Y.Y. Cl -' 1 1 

= W ^2\ a kuk 2 ,--;k m ai u l 2y ...,l m 

MK,L Vj 




C*fel ,k 2 . . . .,kj _ i ,lj ,kj+i ,. . .,k m ™li,l-2,...,lj— i,kj 



where j = 1, 2, . . . ,m and multi-index K = (fci, k 2 , ■ ■ ■ , k m ), L — (li, I2, ■ ■ ■ , l m )- 
As an example, let us look at the general pure three-partite quantum system 
Q 2 (Ni, -^2, -^3). The above measure of entanglement gives 



£(Qs(Nl,N 2 ,N 3 )) = I J\f ^2 {Cktl^kjMj.Mh^kth.kjAljMh ' 

V ki,li:k 2 ,l 2 :k 3 ,l 3 j=l 

= (-A/" ^ (\ a k u k 2 M a h, h,h - a kuk 2 ,h a luhM\ 2 
ki,li;k 2 ,l 2 ;k3 5/3 

+ \otk 1 ,k 2 M a h,l 2 ,l3 ~ a k 1 ,l 2 M a h,k 2 ,h\ 2 

+ \ a k 1 ,k 2 ,k 3 ai 1 ,i 2 ,i 3 - ai u k 2 ,k 3 a ki,i 2: h\ ) 5 - (17) 

This measure of entanglement coincides with the generalized concurrence |15j 
and is equivalent, but not equal, to our entanglement tensor based on joint 



POVMs on phase space ^H]. For a general multipartite state, that is, for m > 4 
this measure £(QP fl (Ni, N m )) is not invariant under local operations. To 
show it, let us consider the quantum system (2, 2, 2, 2). In this case we can 
have seven types of separability between different subsystems as below: It may 
be possible to factor Qi, Q 2 , Q3, or Q 4 from the composite system. To check 
this we need to make four different permutation of indices and it is exactly what 
the measure £(24(2, 2, 2, 2)) does. But there are other types of separability in 
this four-qubits state, namely if it is possible to factor out Q1Q2, Q1Q3, Q1Q4, 
Q2Q3, Q2Q4, or Q3Q4. These six possible factorizations can be reduced to 
three checks of separability since if we test for separability of, i.e., Q1Q2, we 
have simultaneously tested Q3Q4. For these types of separability we do need to 
perform more than one simultaneous permutation of indices. We have discussed 
these separabilities in relation with Segre variety [H)) . 

6 Conclusion 

In this paper, I have derived a measure of entanglement that coincides with 
concurrence of a general pure bipartite state based on mapping of a tensor prod- 
uct space to an alternating tensor product space defined by a wedge product. 
Moreover, I derived an expression for degree of entanglement for a multipar- 
tite state, which again coincides with generalize concurrence for a general pure 
three-partite state, but this measure fail to quantify entanglement for a compos- 
ite system with more than three subsystems. However, this expression defines 
a set of separable states of a general multipartite state. 
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